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Recap Curves :

((t)
B(t)
are-length params St . (x)) = 1 . S(t) =) Culldu

inte B2x = x4)Nk
A

Lecture notes

de Carmo
Non-are-length param .

B'(s) =(s)N(s) ·

k(t)=#X*
"Cll
-xx"(t) ,

a "(t) >
I 'Ct)(3 [(t)=

k'(t)xx"())2



I : compute the arc-length, curvature, torsionof the Logarithmicspiral
given by parah.

& &(t) = Caetcost, netsint, 6) a30
,
bio constants

& Sin dis plane anre ,
so To

arc-length: stt-Sixculldu
x'(u) = (abebrosu-aebusin ,

abebusmu +aebuesu , b)

k'(u))= azbeibusin + azezbisiutazbehsintazebresin
= azezbu(1+b)

k'(u)) = aebub

S(t)=Gebda= lebt -1)



k(t) =1"(t)l
(x'(t)(3

d"(t)= (abestcost-Zabebtsit-abebt cost , ablebtSuttzabebtcost
- aebtsit, 0)

2'(t) xx'(t) = (0 ,
0, a 2(Hb2)ezbt)

az(ltb2)e2bt
&k(t)=
a e3bt(Hb2

=at



n

22 : X :ItR regular plane arre in, K(t) +O Fel. y
p()= a(t) + N(t) ,

tel
.

3

is called the evolute of a. "Locus of centres of curvature of >
"

1) show that the targent aft ofthe evolutes is the normal to x at to
2) Consider nonal lives ofx at two points +

, ,+z ,
+itz .

Let t approach
to and show that the intersection points tothe noma's converge A
a point on the evolute.

En: 1) WLOG let sbe are-length param.

B'(x) =
x (s) + (GN(s))) ⑭

N'(sl=k(s)i(s) = x(s) + isN'(s)- N/s)
-T(S)B(s)

=is) - Ext(s)- B(s)-N



=-N(s) ·

Ny((x)
2) Normal lies atx: WTS as S2-5,

( ,(ti)= <(s,) + t,N/si)
-->k · Do

a

V z(tz) = x(s) ++zN(sz)
&

Point of intersection quien by to tz s .- . <(1) +tN(si) = <(su) ++zN(s2)
=>dlsz)

= tNSIytN(si
S2-Si 52- S

Take inner product 2) T(Si) ,
then LHS = < T(S)

, hi sala
S2-S

= (T(i)(" = 1



Take list su- so
,

then teet, and RHS becomes -timliNN
=-int, N'(si).
S2fS

Then taking inner product us Tisil , we get
RHS -> -limit, < [Isi)

, N'(s)>SetSi

=

-
lit <T(si)

,

- ((s)T(si) - (S1) B(s1))S2-S)

=

- lint ,
- ((si)

.

S2tsI

[
So we have limt is) as required ./.527Si



2 : a regular param - crus I has all its tergent lines passing through
a fixed point .

Show that

2) The trace of a is a (segmentof a) straight line
6) Does the conclusion hold when a is not regular?

Bin i a) let PoER" be the fixed point.

* The condition means that USER
,
EX(s) s -

+.

<(s) +X(b)x'(s) = Xo

⑭ Differentiating unts ,
we have

a(s) + X(s)x'(s) + X(s)x"(s) = 0 .

=> (H()x((s) + X(s)x"(s) = 0
. ()

&

By regular condition , we can take I'()(= 1 = differentiating this given



[x'(s) , x"(s]) = 0 .

Then taking inner product with a"Cs) in (1) , we get
&(s)(x"(s)) = 0 => Case 1 : if x "(s) +0 ,

then 1(s)=f
and <(s) = Xo at that Xo.

Case 2 : "() =0
.

Then we automatically time K(s) = 0 atthat
s

,
since K(s) =1c"(s))and so a is straight.

te(-1
, 0] -> so a l is well-defined .

b) consider at)2]Ct30, came is (2 ,
not regular at 8.

Y
+e [0 , 1] . but all targets pass through origin.

-
·

X


